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1. INTRODUCTION AND PRELIMINARIES
Throughout this paper, we assume that X is a real Banach space, X* is
the dual space of X, and J: X ª 2 X * is the normalized duality mapping
defined by
5 5 2 5 5 5 5J x [ f g X*: x , f s x , x s f , x g X , .  . 4
 .where ?, ? denoted the pairing of X and X*.
DEFINITION 1.1. Let K be a subset of X and T : K ª 2 X be a multi-
valued mapping.
 .1 T is said to be accreti¨ e, if for any x, y g K and for any t G 0
5 5x y y F x y y q t Tx y Ty . .
 .2 T is said to be strongly accreti¨ e, if there exists a constant k ) 0
such that for any x, y g K and for any u g Tx, ¨ g Ty, there exists a
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 .j g J x y y such that
5 5 2u y ¨ , j G k x y y , 1.1 .  .
and the constant k is called the strongly accreti¨ e constant. Without loss of
 .generality, we can assume that k g 0, 1 .
 .3 T is said to be strongly pseudo-contracti¨ e, if I y T is strongly
accretive, where I is the identity mapping.
Remark. The concept of a single-valued accretive mapping was intro-
w x w xduced independently by Browder 1 and Kato 11 in 1967. The impor-
tance of this kind of mappings lies its close relations with the evolution
equation
du t .
q Tu t s 0, u 0 s u . 1.2 .  .  .0dt
w xAs Browder 1 pointed out, if T is locally Lipschitzian and accretive on
 .X, then the initial value problem 1.2 is solvable.
DEFINITION 1.2. Let K be a nonempty convex subset of X and T : K ª
2 K be a multi-valued mapping. For any given x g K, define a sequence1
 4x byn
x g 1 y a x q a Ty , .nq1 n n n n I .5y g 1 y b x q b Tx , n G 1, .n n n n n
 4  4where a , b are two real sequences such that 0 F a , b - 1,n n n n
`  .  4 a s ` and a ª 0, b ª 0 n ª ` . Then x is called thens1 n n n n
 w x.Ishikawa iteration process of T see Ishikawa 10 . Especially, if b s 0 forn
 4all n G 1, then x is called the Mann iteration process of T.n
Recently, the theory of single-valued accretive and single-valued
pseudo-contractive mappings and the iteration processes described above
have been studied extensively by many authors for approximating the fixed
points of some nonlinear mappings and for approximating solutions of
some nonlinear operator equations in Banach spaces see, for example,
w x.1, 3]19, 21 .
w xIn 1990, Chidume 4 proved the following results:
THEOREM A. Let X s L p, p G 2, and K a nonempty bounded closed
con¨ex subset of X. If T : K ª K is a single-¨ alued Lipschitz strongly pseudo-
contracti¨ e mapping, then the Mann iteration process of T strongly con¨erges
to the unique fixed point of T.
If T : L p ª LP is a Lipschitzian and strongly accreti¨ e mapping and we
define S: L p ª L p by Sx s f y Tx q x, then the Mann iteration process of S
strongly con¨erges to the unique solution of the equation f s Tx.
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At the same time, Chidume puts forth the following open questions:
 w x. pOPEN QUESTION 1 Chidume 4 . Is Theorem A extendable to the L
space for 1 F p F 2?
 w x.OPEN QUESTION 2 Chidume 4 . Can the Ishikawa process be extended
to Theorem A?
w xIn 1994 Chidume 5 further proved the following result:
THEOREM B. Let X be a real Banach space with a uniformly con¨ex dual
space X* and K be a bounded closed con¨ex subset of X. If T : K ª K is a
single ¨alued Lipschitz strongly pseudocontracti¨ e mapping, then the Ishikawa
iteration process of T strongly con¨erges to the unique fixed point of T.
In the same paper he also puts forth the following open question:
 w x.OPEN QUESTION 3 Chuidume 5 . Does the conclusion in Theorem B
hold for the case that T is a continuous strongly pseudocontracti¨ e mapping?
Motivated and inspired by the above works, the purpose of this paper is
under a more general setting and in more loose conditions to study the
convergence problems of Ishikawa iteration processes for multi-valued
strongly accretive and multi-valued strongly pseudocontractive mappings.
The results presented in this paper not only extend and improve the main
w x w x w x w xresults in Chidume 3]6 , Deng 8, 9 , Tan and Xu 19 , and Zhou 21 but
also affirmatively answer Chidume's open questions mentioned above.
For the sake of convenience, we first give the following propositions.
w xTheir proofs can be found in 2, Chap. 1; 20, Chap. 3 , respectively.
PROPOSITION 1.1. Let X be a real Banach space, and J be a normalized
duality mapping from X into 2 X *. Then
 .  .  .  .1 for any x g X, J x / B and D J the domain of J s X ;
 .2 J is an odd mapping;
 .3 J is positi¨ ely homogeneous;
 .  .4 J is bounded, i.e., for any bounded set A ; X, J A is bounded;
 .5 J can be defined as the subdifferential of the con¨ex function
1 2 . 5 5w x s x , x g X, i.e.,2
1 2 1 25 5 5 5J x s ­w x s f g X*: y y x G f , y y x for all y g X ; .  .  . 42 2
 .  .  .6 J is monotone, i.e., for any x, y g X and for any u g J x , ¨ g J y
 .u y ¨ , x y y G 0.
PROPOSITION 1.2. Let X be a real Banach space. Then
 .1 X* is strictly con¨ex m X is reflexi¨ e and smooth;
 .2 X is smooth m J is single ¨alued;
ON CHIDUME'S OPEN QUESTIONS 97
 .3 X* is uniformly con¨ex m X is uniformly smooth m J is uniformly
continuous on any bounded subset of X ;
 . p4 If 1 - p - `, then the space L is uniformly smooth;
 .5 If X is p-uniformly smooth, 1 - p - `, then X is uniformly smooth.
2. SOME INEQUALITIES AND LEMMAS
The following Lemmas will be needed in the proofs of our main results.
LEMMA 2.1. Let X be a Banach space and J be a normality duality
mapping. Then for any gi¨ en x, y g X, the following inequality holds:
5 5 2 5 5 2x q y F x q 2 y , j for all j g J x q y . 2.1 .  .  .
 .  .  .Proof. From Proposition 1.1 5 , we know that J x s ­w x , where
1 2 . 5 5w x s x , x g X. By the definition of the subdifferential of w, for any2
x, y g X we have
w x y w x q y G j, x y x q y s y j, y for all j g J x q y , .  .  .  .  . .
5 5 2 5 5 2  .  .i.e., x y x q y G y2 j, y for all j g J x q y .
This completes the proof.
w xThe following lemma is similar to the lemma of Zhou 21 .
 4LEMMA 2.2. Let r be a sequence of nonnegati¨ e real numbers, « ) 0.n
 .  41 If r satisfies the condition that there exists a positi¨ e integer nn 0
such that for all n G n the following holds,0
r F 1 y a r q « ? a , 2.2 .  .nq1 n n n
w . `then 0 F lim sup r F « , where a g 0, 1 with  a s `;nª` n n ns1 n
 .2 If there exists a positi¨ e integer n such that for all n G n1 1
r F 1 y a r q s ? a , 2.3 .  .nq1 n n n n
w . `then lim r s 0, where a g 0, 1 ,  a s `, s G 0, and s ªnª` n n ns1 n n n
 .0 n ª ` .
 .  .Proof. 1 By induction, from condition 2.2 we can prove that
n qiy10
r F exp y a ? r q « , i s 1, 2, . . . .n qi j n0 0 /jsn0
Since ` a s `, letting i ª ` and taking the superior limit, we havens1 n
0 F lim sup r s lim sup r F « .i n qi0iª` iª`
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 .  .2 Since s ª 0 n ª ` , for any given « ) 0, there exists a posi-n
 .tive integer n G n such that for any n G n from 2.3 we have2 1 2
r F 1 y a r q « ? a . .nq1 n n n
 .It follows from the conclusion 1 that 0 F lim sup r F « . By thenª` n
 .arbitrariness of « ) 0, the conclusion 2 is proved.
LEMMA 2.3. Let X be a Banach space and T : X ª 2 X be a multi-¨ alued
 .strongly accreti¨ e mapping, whose strongly accreti¨ e constant is k g 0, 1 . For
any gi¨ en f g X, define a mapping S: X ª 2 X by Sx s f y Tx q x. Then for
any gi¨ en x, y g X and for any gi¨ en u g Sx, ¨ g Sy, there exists a j g
 .J x y y such that
5 5 2u y ¨ , j F 1 y k x y y . 2.4 .  .  .
Proof. For any given u g Sx, ¨ g Sy, there exist u g Tx, ¨ g Ty such
that
u s f y u q x , ¨ s f y ¨ q y. 2.5 .
Since T is strongly accretive, for given u g Tx, ¨ g Ty, there exists a
2 .  . 5 5  .j g J x y y such that u y ¨ , j G k x y y . From 2.5 hence we have
u y ¨ , j s f y u q x y f q ¨ y y , j .  .
s x y y , j y u y ¨ , j .  .
25 5s x y y y u y ¨ , j .
5 5 2F 1 y k x y y . .
The conclusion is proved.
3. ISHIKAWA ITERATIVE APPROXIMATION OF FIXED
POINTS FOR MULTI-VALUED STRONGLY
PSEUDOCONTRACTIVE MAPPINGS
 .DEFINITION 3.1. Let X be a Banach space, and CB X be the family
of all bounded closed subsets of X. A multi-valued mapping T : X ª
 .CB X is said to be uniformly continuous, if for any given « ) 0, there
5 5exists a d ) 0 such that for any given x, y g X, when x y y - d , we
have
H Tx , Ty - « , .
 .  .where H is the metric on CB X defined as: for any given A, B g CB X ,
H A , B s sup d x , y . .  .
xgA
ygB
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THEOREM 3.1. Let X be a Banach space, K be a bounded closed con¨ex
subset of X, and T : K ª 2 K be a multi-¨ alued uniformly continuous strongly
 . pseudocontracti¨ e mapping with nonempty closed ¨alues. If F T the set ofi x
.  4fixed points of T in K / B, then the Ishikawa iteration process x definedn
 .by I strongly con¨erges to the unique fixed point of T in K.
 .  .Proof. Since F T / B, take q g F T , hence we have q g Tq.i x i x
Again since T is a multi-valued strongly pseudocontractive mapping, I y T
 .is a multi-valued strongly accretive mapping. Hence there exists k g 0, 1
such that for any given x, y g X and for any u g Tx, ¨ g Ty, there exists a
Ä  .j g J x y y such thatx, y
2 Ä 2 Ä5 5 5 5k x y y F x y u y y y ¨ , j s x y y y u y ¨ , j . . /  /x , y x , y
Therefore we have
Ä 25 5u y ¨ , j F 1 y k x y y . 3.1 .  . /x , y
 4  4  .Let x , y be the Ishikawa iteration processes defined by I . Thus forn n
each n, n s 1, 2, . . . , there exist ¨ g Ty and u g Tx such thatn n n n
x s 1 y a x q a ¨ , .nq1 n n n n . 3.2 .5y s 1 y b x q b u , n G 1 .n n n n n
 .  .It follows from 3.2 and the inequality 2.1 that
22x y q s 1 y a x y q q a ¨ y q .  .  .nq1 n n n n
2 2F 1 y a x y q q 2a ¨ y q , j .  .n n n n
2 2s 1 y a x y q q 2a ¨ y u , j .  .n n n n nq1
q 2a u y q , j for all jg J x y q . 3.3 .  .  .n nq1 nq1
 .Since u g Tx , q g Tq, from 3.1 we know that there exists anq1 nq1
Ä  .j g J x y q such thatx , q nq1nq 1
2Äu y q , j F 1 y k x y q . 3.4 .  . /nq1 x , q nq1nq 1
 .  .Substituting 3.4 into 3.3 , we have
22 2 Äx y q F 1 y a x y q q 2a ¨ y u , j .  /nq1 n n n n nq1 x , qnq 1
2q 2a 1 y k x y q . 3.5 .  .n nq1
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Ä .  .Next we prove that ¨ y u , j ª 0 n ª ` . In fact, since K isn nq1 x , qnq 1
 4  4  4bounded and x , u , ¨ g K, x , u , ¨ all are bounded sequences, andn n n n n n
so we know that
y y x s a y b x q b u y a ¨ ª 0 n ª ` . 3.6 .  .  .n nq1 n n n n n n n
 4  .Again since x y q is a bounded sequence, by Proposition 1.1 4 wen
Ä  .4  4know that J x y q is bounded, and so j is a boundednq1 nG1 x , q nG1nq 1
  .4sequence in J x y q . In view of the uniform continuity of T ,nq1 nG1
 .  .  .from 3.6 we know that H Ty , Tx ª 0 n ª ` . However, sincen nq1
¨ g Ty , u g Tx , we haven n nq1 nq1
¨ y u F H Ty , Tx ª 0 n ª ` . .  .n nq1 n nq1
Ä .  .This implies that ¨ y u , j ª 0 n ª ` .n nq1 x , qnq 1
 .Next we rewrite 3.5 as
12 2 2x y q F 1 y a x y q q 2a ? a , 3.7nq1  .  .n n n n1 y 2a 1 y k .n
Ä .  .where a s ¨ y u , j , hence a ª 0 n ª ` .n n nq1 x , q nnq 1
Now we choose two real numbers g and g such that1
y110 - g - min 1, 2k , 1 y k . . 41 2
y1
g s 2k y g ? 1 y 2 1 y k g . .  .1 1
Since a ª 0, there exists a positive integer n such that when n G n ,n 0 0
a - g . Next we prove that when n G n we haven 0
21 y a F 1 y 2 1 y k a ? 1 y g a . 3.8 .  .  .  .n n 1 n
In fact, if there exists some n G n such that1 0
2
1 y a ) 1 y g a 1 y 2 1 y k a , . .  .n 1 n n1 1 1
simplifying we have
1 y 2 1 y k g a 2 ) a 2k y g . .  . .1 n n 11 1
Therefore we have
2k y g1
a ) s g .n1 1 y 2 1 y k g . 1
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 .This contradicts that g ) a for all n G n . This shows that 3.8 is true.n 0
 .Hence from 3.7 we have
2 2x y q F 1 y g a x y q q a ? b ? g for all n G n , .nq1 1 n n n n 1 0
w   ..xy1  .where b s 2 a g 1 y 2a 1 y k ª 0 n ª ` . By using Lemman n 1 n
2.2, we know that
2x y q ª 0, i.e., x ª q n ª ` . .nq1 n
 .If we take another q g F T , by the same method as above we can also1 i x
 4prove that x ª q , and so q s q . This implies that x strongly con-n 1 1 n
verges to the unique fixed point of T in K. This completes the proof.
 . wRemark. 1 Theorem 3.1 extends and improves Chidume 5, Theorem
x  .  .2 i.e., Theorem B in its three aspects: 1 abolish the condition that X*
 .is uniformly convex; 2 use the uniform continuity of T to replace the
 .Lipschitzian continuity of T ; 3 generalize the single-valued strongly
pseudocontractive mapping T to a multi-valued strongly pseudocontractive
mapping.
 .2 Theorem 3.1 also extends and improves the corresponding results
w x w x w xof Deng 8, Theorem 2 , Tan and Xu 19, Theorem 4.2 , and Zhou 21 .
 .3 Theorem 3.1 also gives an affirmative answer to the first parts of
the Chidume's Open Questions 1 and 2. The other part will be answered in
Theorems 4.1 and 4.2.
THEOREM 3.2. Let X be a real Banach space with a uniformly con¨ex
dual X*, K a nonempty bounded closed con¨ex subset of X, and T : K ª 2 K
be a multi-¨ alued strongly pseudocontracti¨ e mapping with nonempty closed
 .  4  .¨alues. If F T / B, then the Ishikawa iteration process x defined by Ii x n
strongly con¨erges to the unique fixed point of T in K.
 .Proof. Since X* is uniformly convex, it follows from Proposition 1.2 3
 .and 2 that J is a single-valued mapping on X and J is uniformly
 4  4continuous on any bounded subset of X. Let x , y be the Ishikawan n
 .iteration processes defined by I , hence there exist u g Tx , ¨ g Ty ,n n n n
n s 1, 2, . . . , such that
x s 1 y a x q a ¨ , .nq1 n n n n 3.9 .5y s 1 y b x q b u , n G 1. .n n n n n
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 .  .Taking any q g F T , hence q g Tq, from inequality 2.1 we havei x
22x y q s 1 y a x y q q a ¨ y q .  .  .nq1 n n n n
2 2F 1 y a x y q q 2a ¨ y q , J x y q .  . .n n n n nq1
2 2s 1 y a x y q q2a ? c q2a ¨ yq , J y yq , .  . .n n n n n n n
3.10 .
  .  ..where c s ¨ y q, J x y q y J y y q .n n nq1 n
 .Now we prove that c ª 0 n ª ` . In fact, since K is bounded andn
 4  4  4  4x , y , ¨ , u are the sequences in K, so they are all bounded.n n n n
Therefore we know that
x y q y y y q s b y a x q a ¨ y b u ª 0 n ª ` . .  .  .  .nq1 n n n n n n n n
By the uniform continuity of J on the bounded subset of X, we have
J x y q y J y y q ª 0 n ª ` . .  .  .nq1 n
 4  .By virtue of the boundedness of ¨ y q , it is easy to see c ª 0 ª ` .n n
 .Besides, since ¨ g Ty , q g Tq, it follows from 3.1 thatn n
2¨ y q , J y y q F 1 y k ? y y q . 3.11 .  .  . .n n n
 .  .By using 3.9 and inequality 2.1 again, we have
22y y q s 1 y b x y q q b u y q .  .  .n n n n n
2 2F 1 y b x y q q 2b u y q , J y y q .  . .n n n n n
2 2F 1 y b x y q q 2b M , 3.12 .  .n n n 1
where
M s sup u y q ? y y q - `. 41 n n
nG1
 .  .Substituting 3.12 into 3.11 , and then substituting the obtained result
 .into 3.10 , after simplifying, we have
22 2x y q F 1 y a q 2 1 y k a ? x y q .  .nq1 n n n
q 2a c q 2 1 y k b M . 3.13 .  .n n n 1
Since a ª 0, taking a positive integer N such that when n G N ,n 2 2
a - k. Hence we haven
2 21 y a q 2 1 y k a s 1 q a y 2ka F 1 y ka for all n G N . .  .n n n n n 2
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Therefore for any n G N , we have2
2 2x y q F 1 y ka ? x y q q ka ? d , .nq1 n n n n
 .  . .  .where d s 2rk c q 2 1 y k b M ª 0 n ª ` . By Lemma 2.2, wen n n 1
5 5 2  .know that y q ª 0 n ª ` , i.e., x ª q.nq1 n
It is easy to see that q is the unique fixed point of T in K.
This completes the proof.
 .Remark. 1 Theorem 3.1 not only generalizes the single-valued map-
w x  .ping T in Chidume 5, Theorem 2 i.e., Theorem B to the case of the
multi-valued mapping, but also abolishes the condition that T is Lipschitz
continuous.
 .2 Theorem 3.2 also wholly and affirmatively answers Chidume's
Open Question 3.
 .  .3 From Proposition 1.2 5 , we know that each p-uniformly smooth
Banach space, 1 - p - `, is uniformly smooth which is equivalent to X*
.being uniformly convex . Hence Theorem 3.2 also extends and improves
w x w x w xthe main results in Deng 8 and Zhou 21 , Tan and Xu 19, Theorem 4.2 .
4. ISHIKAWA ITERATIVE APPROXIMATION OF SOLUTIONS
TO EQUATIONS WITH MULTI-VALUED
STRONGLY ACCRETIVE MAPPINGS
THEOREM 4.1. Let X be a real Banach space and T : X ª 2 X be a
multi-¨ alued uniformly continuous strongly accreti¨ e mapping with nonempty
 .closed ¨alues and the range of I y T , R I y T , is bounded. For any gi¨ en
f g X, define a mapping S: X ª 2 X by
Sx s f y Tx q x , x g X .
 4For any gi¨ en x g X, define the Ishikawa iteration process x by1 n
x g 1 y a x q a Sy , .nq1 n n n n II .5y g 1 y b x q b Sx , n G 1, .n n n n n
 4  4  .  .  4where a , b are the same as in I . If F S / B, then x stronglyn n i x n
con¨erges to the unique solution of the operator equation f g Tx in X.
 .Proof. It follows from II that there exist u g Sx , ¨ g Sy , n sn n n n
1, 2, . . . such that
x s 1 y a x q a ¨ , .nq1 n n n n 4.1 .5y s 1 y b x q b u , n G 1. .n n n n n
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 .  .Since F S / B, take any q g F S . Thus q g Sq s f y Tq q q, and soi x i x
 .  .f g Tq. By 4.1 and inequality 2.1 we have
22x y q s 1 y a x y q q a ¨ y q .  .  .nq1 n n n n
2 2F 1 y a x y q q 2a ¨ y q , j .  .n n n n
2 2s 1 y a x y q q 2a ¨ y u , j .  .n n n n nq1
q 2a u y q , j for all jg J x y q . 4.2 .  .  .n nq1 nq1
ÄSince u g Sx , q g Sq, by Lemma 2.3, there exists a j gnq1 nq1 x , qnq 1
 .J x y q such thatnq1
2Äu y q , j F 1 y k x y q . 4.3 .  . /nq1 x , q nq1nq 1
 .  .Substituiting 4.3 into 4.2 and simplifying, we obtain
22 2x y q F 1 y a x y q q 2 e ? a .nq1 n n n n
2q2 1 y k a ? x y q , 4.4 .  .n nq1
Ä .where e s ¨ y u , j .n n nq1 x , qnq 1
 .Next we prove that e ª 0 n ª ` . For the purpose, we consider then
following two cases:
 4`  4Case 1. There exists some infinite subsequence x ; x suchn js1 nj
5 54that x y q is bounded. We denoten jG1j
M s sup x y q . 42 n j
jG1
 .By the assumption, the range R I y T is bounded. Since S s f y T q I,
 .the range of S, R S , is also bounded. Denote
5 5M s sup y : y g S X , 4 .3
 4M s max 2 M , M .4 3 2
Hence we have
x y q F 1 y a x y q q a ¨ y q .n q1 n n n nj j j j j
F 1 y a M q 2a M F M . 4.5 . .n 2 n 3 4j j
By induction, it is easy to prove that for any positive integer m we have
x y q F M , j s 1, 2, . . . .n qm 4j
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 4   .4This implies that x is a bounded sequence, and so J x y q isn nq1 nG1
bounded.
 .On the other hand, since y y x s a y b x q b u y a ¨ ,n nq1 n n n n n n n
 4  4  4where x , u , ¨ all are bounded sequences, we know thatn n n
 .y y x ª 0 n ª ` . Again since T is uniformly continuous, S is alson nq1
uniformly continuous. This implies that
H Sy , Sx ª 0 n ª ` . .  .n nq1
Therefore we have
¨ y u F H Sy , Sx ª 0 n ª ` . 4.6 .  .  .n nq1 n nq1
Ä Ä 4   .4  4Since j ; J x y q , j is also bounded. Itx , q nG1 nq1 nG1 x , q nG1nq 1 nq1
 .follows from 4.6 that e ª 0. By the same method as in the proof ofn
Theorem 3.1, we can prove that x ª q and q is the unique fixed point ofn
S in X, i.e., q g Sq s f y Tq q q. Therefore q is the unique solution
of the operator equation f g Tx in X. Thus the conclusion of Theorem 4.1
is proved in this case.
 4  4Case 2. x does not exist any infinite subsequence x such thatn n j
5 54 5 5  .  .x y q is bounded, i.e., x y q ª ` n ª ` . Hence from 4.4n jG1 nj
we have
22 2 2x y q F 1 y a x y q q 2a s x y q .nq1 n n n n n
2q 2a 1 y k x y q , 4.7 .  .n nq1
where
Äje ¨ y u x , qn n nq1 nq 1s s s , .n 2  /x y q x y qx y q n nn
 .  4Now we prove that s ª 0 n ª ` . In fact, since ¨ y u isn n nq1 nG1
5 5  . 5 5  .bounded and x y q ª `, so ¨ y u r x y q ª 0 n ª ` .n n nq1 n
 . .  .Besides, since x y q s 1 y a x y q q a ¨ y q , we know thatnq1 n n n n
x y q ¨ y q 2 Mnq1 n 3F 1 y a q a ? F 1 q . 4.8 .  .n nx y q x y q x y qn n n
5 5Since x y q ª `, take a positive integer n such that when n G n ,n 3 3
5 5  .x y q ) 1. There from 4.8 we haven
x y qnq1 F 1 q 2 M .3x y qn
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 . 5 54This implies that x y q r x y q is a bounded sequence, and sonq1 n
  . 5 5.4J x y q r x y q is bounded.nq1 n
Ä  .Besides, since j g J x y q , and J is positively homogeneous,x , q nq1nq 1
Ä Ä5 5  . 5 5.  5 5. 4j r x y q g J x y q r x y q , and so 1r x y q jx , q n nq1 n n x , qnq 1 nq1
 .is a bounded sequence. This implies that s ª 0 n ª ` .n
 .Now we rewrite 4.7 as
22 21 y 2a 1 y k x y q F 1 y a q 2a s x y q . .  . .n nq1 n n n n
 .2  .Since 1 y a q 2a s s 1 y 2a q 2a s q a r2 and s ª 0,n n n n n n n n
a ª 0, we can choose a positive integer N such that s q a r2 - k forn 4 n n
all n G N . Therefore when n G N we have4 4
2 2w x1 y 2a 1 y k x y q F 1 y 2a q 2a k x y q , . .n nq1 n n n
i.e.,
2 2x y q F x y q for all n G N .nq1 n 4
5 54 5 5This implies that the limit of x y q exists, and lim x y q - `.n nª` n
5 5This contradicts lim x y q s `. By this contradiction, we know thatnª` n
the second case cannot happen. This completes the proof.
 . wRemark. 1 Theorem 4.1 extends and improves Chidume 6, Theorem
x  .2 in its three aspects: a Abolish the condition that X* is uniformly
 .  .convex; b Weaken the Lipschitz continuity of T ; c Generalize T to the
case of a multi-valued mapping.
 .2 Theorem 4.1 also extends and improves the corresponding results
w x w x w xof Chidume 4, Theorem 1 , Deng 8, 9 , and Zhou 21 .
THEOREM 4.2. Let X be a real Banach space with a uniformly con¨ex
dual space X* and T : X ª 2 X be a multi-¨ alued strongly accreti¨ e mapping
 .with nonempty closed ¨alues. Let the range R I y T of I y T be bounded.
For any gi¨ en f g X, define a mapping S: X ª 2 X by
Sx s f y Tx q x .
 .  4  .If F S / B, then the Ishikawa iteration process x defined by 4.1i x n
strongly con¨erges to the unique solution of the operator equation f g Tx in X.
 .  .Proof. Since F S / B, take any q g F S . We know that q g Sq.i x i x
Besides, since X* is uniformly convex, it follows from Proposition 1.2 that
J is single-valued and it is uniformly continuous on each bounded subset of
ON CHIDUME'S OPEN QUESTIONS 107
 .  .  .X. Hence from inequalities 2.1 , 2.4 , and 4.1 we have
22x y q s 1 y a x y q q a ¨ y q .  .  .nq1 n n n n
2 2F 1 y a x y q q 2a ¨ y q , J x y q .  . .n n n n nq1
2 2F 1 y a x y q q 2a ¨ y q , J x y q .  .n n n n nq1
yJ y y q q 2a ¨ y q , J y y q .  ..  .n n n n
2 2F 1 y a x y q q 2a ¨ y q , J x y q .  .n n n n nq1
2yJ y y q q 2a 1 y k y y q . 4.9 .  .  ..n n n
Next we consider two cases.
5 5Case 1. There exists a positive integer n such that x y q - 1.0 n0
 .By the assumption, R I y T is bounded. Since S s f q I y T , hence
 .the range of S, R S , is also bounded. Let
5 5M s sup y : y g R S . 4 .5
 .Since q g Sq, ¨ g Sy , u g Sx , from 4.1 we haven n n n
x y q s 1 y a x y q q a ¨ y q .  . .n q1 n n n n0 0 0 0 0
F 1 y a x y q q 2a M F 1 q 2 M . .n n n 5 50 0 0
By induction, we can prove that for each i, i s 1, 2, . . . , we have
x y q F 1 q 2 M .n qi 50
 4  4This implies that x y q is a bounded sequence, and so x is also an n
 .  4bounded sequence. From 4.1 we know that y is also a boundedn
sequence. Hence we know that
x y q y y y q s x y y .  .nq1 n nq1 n
s b y a x q a ¨ y b ¨ ª 0 n ª ` . .  .n n n n n n n
In view of the uniform continuity of J on each bounded subset of X, from
the above expression we have
J x y q y J y y q ª 0 n ª ` . .  .  .nq1 n
This implies that
g [ ¨ y q , J x y q y J y y q ª 0 n ª ` . .  .  . .n n nq1 n
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 .  .On the other hand, from 4.1 and inequality 2.1 we again have
22y y q s 1 y b x y q q b u y q .  .  .n n n n n
2 2F 1 y b x y q q 2b u y q , J y y q .  . .n n n n n
2F x y q q 2b u y q ? y y qn n n n
2F x y q q 2b ? M , 4.10 .n n 6
5 54  .  .where M s 2 M ? sup y y q . Substituting 4.10 into 4.9 , we have6 5 nG1 n
22 2x y q F 1 y a q 2a 1 y k ? x y q .  .nq1 n n n
q 2a g q 2 1 y k b M . 4.11 .  . .n n n 6
Since a ª 0, there exists a positive integer n such that a F k for alln 6 n
n G n . Therefore when n G n , we have6 6
2 21 y a q 2a 1 y k s 1 q a y 2a k F 1 y a k . .  .n n n n n
 .Hence 4.11 can be written as
2 2x y q F 1 y ka x y q q ka ? h for all n G n , .nq1 n n n n 0
 .  . .  .where h s 2rk g q 2 1 y k b M ª 0 n ª ` . It follows fromn n n 6
5 5 2  .Lemma 2.2 that x y q ª 0 n ª ` , i.e., x ª q. It is easy to seenq1 n
 4that q is the unique fixed point of S in X. Hence x strongly convergesn
the unique solution of the operator equation f g Tx in X.
5 5Case 2. x y q G 1 for all n G 1.n
 .Since J is positively homogeneous, from 4.9 we have
22 2 2x y q F 1 y a x y q q 2a 1 y k y y q .  .nq1 n n n n
¨ y q x y qn nq1q2a , Jn  / x y q x y qn n
y y qn 2yJ x y q . 4.12 .n / /x y qn
 .  .On the other hand, by using 4.1 and inequality 2.1 we can prove that
22 2y y q F 1 y b x y q .n n n
u y q y y qn n 2q 2b , J x y q . 4.13 .n n / /x y q x y qn n
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Letting
u y q y y qn n
d s , J , n s 1, 2, . . . 4.14 .n  / /x y q x y qn n
¨ y q x y q y y qn nq1 n
g s , J y J , n s 1, 2, . . . ,n  /  / /x y q x y q x y qn n n
4.15 .
 4  .next we prove that d is bounded and g ª 0 n ª ` .n n
 . .  .In fact, since y y q s 1 y b x y q q b ¨ y q , we haven n n n n
y y q ¨ y qn nF 1 y b q b F 1 y b q b ¨ y q . .  .n n n n n5 5x y q x y qn n
5 5 5 54  This implies that y y q r x y q is bounded, and so J y yn n n
. 5 5.4 q r x y q is also bounded. In addition, it is obvious that u yn n
. 5 54  4q r x y q is a bounded sequence. These arguments show that d is an n
bounded sequence.
 .Again by 4.1 , we know that
x y q y y y q s b y a x y q q b y a q .  .  .  .nq1 n n n n n n
q a ¨ y b u .n n n n
Therefore we have
x y q y y q 1nq1 n
< < < < 5 5y F b y a q b y a ? qn n n nx y q x y q x y qn n n
qa ¨ q b u ª 0 n ª ` .4  .n n n n
 .In view of the uniform continuity of J, we know that g ª 0 n ª ` .n
 .  .  .  .Substituiting 4.13 , 4.14 , and 4.15 into 4.12 and simplifying we have
22 2x y q F 1 y a q 2a g q 1 y k 1 q 2b d x y q . .  .  . .nq1 n n n n n n
4.16 .
 4Since a ª 0, b ª 0, g ª 0, and d is bounded, there exists a positiven n n n
integer n such that when n G n we have4 4
k k
a F , g q 1 y k 1 q 2b d - 1 y . .  .n n n n2 2
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 .Therefore when n G n , from 4.16 we have4
k2 22x y q F 1 y 2a q a q 2a 1 y x y qnq1 n n n n / /2
22s 1 y a y a k x y q .n n n
k 2F 1 y a x y q .n n /2
5 5 2  .It follows from Lemma 2.2 that x y q ª 0 n ª ` , i.e., x ª q gnq1 n
 4Sq s f y Tq q q. This implies that x strongly converges to a solution qn
of the operator equation f g Tx. It is easy to see that q is the unique
solution of the equation f g Tx in X. This completes the proof.
 .Remark. 1 Theorem 4.2 generalizes and improves the corresponding
w x w x w xresults in Chidume 4, 6 , Deng 8 , and Zhou 21 .
 .2 Theorems 3.1, 3.2, 4.1, and 4.2 together give an affirmative
answer to Chidume's three Open Questions mentioned above.
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